Illuminating labyrinths  by Tóth, Csaba D




Institute for Theoretical Computer Science, ETH Zurich, Zurich
CH-8092 Switzerland
Received 2 October 2000; received in revised form 5 May 2002; accepted 29 January 2003
Abstract
A labyrinth is set L of line segments in the plane (E2) such that the line segments have
pairwise disjoint relative interiors and their complement E2 \⋃L is connected. This paper gives
combinatorial bounds on four classical illumination problems for labyrinths. For comparison, we
refer to bounds on the corresponding problems in the presence of disjoint opaque line segments.
? 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The 6rst theorem on illumination in the presence of opaque line segments was proved
by J.O’Rourke [10]. It states that 2n=3 light sources are always su;cient and some-
times necessary to (weakly) illuminate the plane in the presence of n, n¿ 5, opaque
line segments. This is a special case of a more general problem, that of illumination in
the presence of convex bodies in the plane, which was 6rst considered by Fejes T'oth
[6]. He proved that 4n−7 light sources are always enough and sometimes necessary to
illuminate the boundaries of n, n¿ 3, disjoint compact sets in the plane. The problem
of determining the minimum number of light sources that can illuminate the boundaries
of any n opaque objects in the plane was later studied for several subclasses of convex
compact sets. Ever since, tight bounds, up to an additive constant, are known for n
disjoint homothetic triangles [3] and for n disjoint rectilinear rectangles [7,15] only.
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For disjoint line segments in the plane, several variants of the problem were posed
[12,13]. Some of them are still open [9,15]. (Interestingly, whenever all convex compact
objects have non-empty interiors, then all known bounds equally apply to these variants,
some of the variants actually coincide.)
If light sources cannot be placed on the top of line segments, which is the case if the
segments represent walls in a Loor plan, then it does make sense to allow the segments
to meet at endpoints instead of focusing on pairwise disjoint segments. We can then
study pairwise non-crossing line segments. Two line segments ‘1 and ‘2 cross if they
are not collinear and their relative interiors intersect. Two non-crossing segments are
not necessarily disjoint: the endpoint of one segment can lie on another; or, if they are
collinear, they can even overlap.
Pairwise non-crossing segments, however, can partition the plane into n− 1 disjoint
pieces, where each piece would require a distinct light source. In the present paper, we
study more realistic objects: labyrinths. A labyrinth is a set L of 6nitely many pairwise
non-crossing line segments in the plane (E2) such that their free space E2 \⋃ L is a
connected set.
We present 6rst the variants of the illumination problem previously considered for
disjoint line segments. We then deduce analogous (sometimes matching) lower and
upper bounds for the minimum number of light sources su;cient for any labyrinth of
n line segments.
1.1. Open-air illumination versus in-door illumination
In the open-air model, the light sources are allowed to be placed anywhere in the
plane, even on the top of line segments of L. Thus, a light source can spread light
over both sides of the segments. In the in-door model, this is not allowed, the light
sources must lie in the free space E2 \⋃ L of the segments.
1.2. Illumination of the plane versus illumination of the line segments
We distinguish two problems which diNer in the target set to be illuminated and in
the de6nition of illumination:
(1) The problem of illumination of the lines means that we should place light sources
in the plane such that they collectively strongly illuminate every point of every
segments: the target set is
⋃
L. A light source s strongly illuminates a point p if
the closed line segment sp does not intersect any segment of L.
(2) The problem of illumination of the plane means that we should place light sources
in the plane such that they collectively weakly illuminate every point in the plane,
that is, the target set is E2. A light source s weakly illuminates a point p is the
closed line segment sp does not cross any segment of L (e.g., s weakly illuminates
p if ‘ ⊂ sp, ‘∈L, since sp does not cross ‘).
1.3. General position versus orthogonal position
The line segments are pairwise non-parallel in the general version; and axis-parallel
and pairwise non-collinear in the orthogonal version.
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Table 1
Results for the general version
General case Open-air ill. of plane In-door ill. of plane In-door illumination of lines
Disjoint 2n=3 2(n+ 1)=3 4(n− 1)=96 |(n+ 1)=2
line segments [10] [12] [16,13]
Labyrinth 2n=3 n− 1 2(n− 1)=36 3(n+ 1)=4
[10] ?;? ?,[1,2]
Non-crossing 2n=3 n+ 1 3(n+ 1)=4
line segments [10] [11,1,2]
Table 2
Results for the orthogonal version
Orthogonal case Open-air ill. of plane In-door ill. of plane In-door illumination of lines
Disjoint (n+ 1)=2 (n+ 1)=2 2(n− 1)=56 (n+ 1)=2
line segments [4] [5] [16,5]
Labyrinth (n+ 1)=2 3(n+ 1)=4 3(n− 1)=56 9n=13+ 1
[4] ?;? ?;?
Non-crossing (n+ 1)=2 n+ 1 3(n+ 1)=4
line segments [4] [11,1,2]
The alternatives on these three aspects give raise to eight variants of the problem. We
note that under the open-air model, which was already considered by O’Rourke, there
are matching lower and upper bounds which equally apply the problem of illumination
of the plane and to that of the lines. Therefore in this paper, we concentrate on the
in-door model, and consider four diNerent variants for labyrinths and for non-crossing
segments.
In the two tables below, we summarize the best known lower and upper bounds, or
eventually the exact value of the number of light sources required in the worst case
for these variants. Table 1 contains the results for the general version, and Table 2
shows the results for the orthogonal version. Lower and upper bounds established in
this paper are indicated by stars.
2. Preliminaries
2.1. Convex partitioning
For any set of line segments in the plane we may apply the following convex
partitioning algorithm [10].
Algorithm 1. Extend consecutively the line segments in both direction until they hit
another (possibly already extended) line segment, or to in8nity.
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This algorithm produces a convex partition of E2 \⋃ L. Starting with n non-crossing
line segments, the extended line segments remain non-crossing and we obtain n + 1
convex cells [10]. By placing one light source in the middle of every cell, we can
strongly illuminate the plane (and the line segments as well). Hence, n+1 light sources
are su;cient for all variants of the problem.
The convex partitioning obtained by Algorithm 1 is not unique. It depends on the
order in which the segments are extended. However a simple algorithm may render
it unique by extending the line segments without generating intersection points. The
protruding algorithm goes as follows.
Algorithm 2. Input: Set L of non-crossing line segments and constant 	¿ 0. Consider
consecutively every endpoint p of every segment pq∈L. If the ray →qp hits another line
segment (or a former extension) at point r then extend pq beyond p by max(0; |pr|−
	). If the ray
→
qp does not hit any other (possibly extended) line segment, then extend
pq beyond p by 1=	. Output: Set L	 of extended line segments.
Note that L	 is not unique either, it depends, too, on the order in which the segment
endpoints are considered. A set L of line segments is called protruded, if the convex
partitioning induced by L is unique. That is, no matter in which order the convex
partitioning extends the segments, they are always extended until the same point or
to in6nity. If 0¡	¡min{|p1p2| : p1; p2 ∈P(L)}, where P(L) is the set of all the
intersection points of lines induced by segments of L, then L	 is protruded. Observe
that if L	 is protruded, then L	
′
is also protruded for any 0¡	′¡	.
Note that Algorithm 2 does not induce new intersection points. In consequence, a
protruded labyrinth is a labyrinth, since E \ L	 remains connected. In our worst-case
analysis, we may always suppose that the set L is protruded.
⋃
L ⊂ ⋃ L	, hence a light
source can illuminate at most as many points in the presence of L	 as in the presence
of L, and in case of illumination of lines the target set is a larger point set.
2.2. Open-air illumination
Relying on a convex partitioning, all variants of the open-air model were successfully
handled by O’Rourke and Czyzowicz, Rivera-Campo, Santoro, Urrutia and Zaks. The
theorem of O’Rourke is based on the bound on maximum matchings of 3-connected
planar graph by Nishizeki and Baybars [8]. It was originally formulated pairwise dis-
joint line segments, but the same proof holds verbatim for non-crossing segments.
Theorem 1 (O’Rourke [10]). For the open-air illumination of the plane in the presence
of n, n¿ 3, non-crossing line segments, 2n=3 light sources are always su<cient and
sometimes necessary.
The orthogonal case is equivalent to the so-called “Traditional art gallery problem”
[15]. It goes as follows: A rectangle is partitioned into k rectangles (rooms), any two
adjacent rooms can be illuminated by one light source on their common boundary.
According to a theorem of Czyzowicz et al. [4], any traditional art gallery on k rooms
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can be illuminated by 
k=2 light sources and this bound is tight. We can apply this
theorem to the convex partitioning of any set L of n non-crossing orthogonal line
segments.
Theorem 2 (Czyzowicz et al. [4]). For the open-air illumination of the plane in the
presence of n, n¿ 3, non-crossing line segments, 
(n+1)=2 light sources are always
su<cient and sometimes necessary.
3. In-door illumination of plane
3.1. Graph of convex partition and maximum matchings
We de6ne a simple graph G on the cells of the convex partitioning of L as follows.
Let the nodes of G correspond to the cells of the convex partition. Connect two nodes
by an edge if the two corresponding cells have a common boundary, and the common
boundary is not part of any line segment of L.
For a node v∈V (G), we denote by Rv the closure of the cell in the convex partition
corresponding to v. Similarly, for a set of nodes C ⊂ V (G), RC =
⋃{Rv : v∈C}. The
boundary of a region R is denoted by @R, the interior of R is denoted by int(R).
The graph G is connected if L is a labyrinth. Let us denote by Vbou(G) and Vunb(G)
the set of nodes corresponding to bounded and unbounded cells, respectively. The
following lemma establishes a certain equivalence between the maximum matchings of
G and the maximum number of required light sources.
Lemma 3. Let L be a protruded labyrinth of n line segments.
(1) If a matching of G covers 2m nodes, then n−m+ 1 light sources are su<cient
for the in-door illumination of the plane.
(2) If a maximum matching of Vbou(G) covers 2m nodes, then there is a positive
constant 	 such that |Vbou(G)| − m light sources are required to illuminate the
cells corresponding to Vbou(G) for the protruded set L	.
Proof. (1) For every pair of nodes ab in a maximal matching of G, place a light
source sab on the common boundary of Ra and Rb but not on any segment of L. Then
sab weakly illuminates the cells Ra and Rb.
(2) We apply a further protrusion using Algorithm 2 with a su;ciently small 	¿ 0.
Note that for any 	¿ 0, L	 and L induce the same graph G, since L is assumed to be
protruded.
Place a disk Da in the interior of each cell Ra, a∈Vbou(G). It su;ces to show that
a light source s can illuminate points of at most two disks in two adjacent cells.
Any light source in Ra can illuminate a point p∈Da. Suppose that s ∈ Ra illuminates
p, that is, the segment sp does not intersect any line segment of L	. Let h= sp∩ @Ra.
Let Rb be the cell adjacent to Ra at point h. Point h is in the free space, therefore there
are segments ‘1 ∈L and ‘2 ∈L such that the convex partitioning algorithm extends ‘1
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Fig. 1. The points p and s in the cells Ra and Rb.
beyond one of it endpoints q through point h until it hits another (possibly extended)
segment ‘2 (see Fig. 1). Since Ra is bounded, ‘1 cannot be extended to in6nity. Let q1
be the intersection of the lines through ‘1 and ‘2, let q2 be the next vertex of the cell
Rb along the line through ‘2. The ray
→
pq hits ‘2, if 	 is su;ciently small. Denote by
T (Ra; Rb) the triangle bounded by the lines through ‘1, ‘2, and pq. Any light source
illuminating p must lie in T (Ra; Rb).
If 	 is su;ciently small, then T (Ra; Rb) ∩ T (Rc; Rb) = ∅ for any a; c∈V (G), a = c.
Hence, a light source s can illuminate points of at most two disks, and it illuminates
points of two disks only if they are in two adjacent cells.
3.2. General version
Theorem 4. For the in-door illumination of the plane in the presence of a labyrinth
of n, n¿ 3, line segments, n − 1 light sources are always su<cient and sometimes
necessary.
Proof. If n¿ 3, then the convex partition has at least four cells, out of which at least
three are unbounded. The nodes corresponding to unbounded cells form a circuit of
length at least three. A maximum matching therefore covers at least four nodes. Lemma
3(1) completes the proof of the upper bound.
For the su;ciency, consider the construction depicted on Fig. 2. (A similar arrange-
ment of line segments were used by K.P. Villanger, see [14], for diNerent purposes.)
The convex partitioning induced by the line segments is unique. Observe that there
is no edge between the n − 2 nodes corresponding to bounded cells. Hence, every
bounded cell requires a distinct light source. The two unbounded cells, which are not
adjacent to bounded cells, require one more light source.
3.3. Orthogonal version
Theorem 5. For the in-door illumination of the plane in the presence of an orthogonal
labyrinth of n, n¿ 4, line segments, 3(n+ 1)=4 light sources are always su<cient
and sometimes necessary.
Proof. Suppose that L is protruded. Consider the unique convex partitioning of the
plane into n + 1 (possibly unbounded) rectangles. The boundary of each rectangular
cell has at most four sides and at most four corners.
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Fig. 2. A labyrinth and its graph G.
In the graph G, the maximal degree is four, since every corner can correspond to at
most one edge of G. If all segments in L are parallel, then G is a path and 
(n+1)=2
light sources are su;cient.
Suppose that not all segment of L are parallel. There are at least three nodes, cor-
responding to unbounded cells, which form a circuit. Let r ∈Vunb(G) be a node in
this circuit. Let T be a rooted spanning tree of G such that r is the root and r is
not connected to the node of one of the adjacent unbounded cells in T . (Recall that
the nodes corresponding to unbounded cells form a circuit.) Now every node has at
most three children in T . We show that a maximum matching of G covers at least
2
(n+ 1)=4 nodes. Then Lemma 3(1) completes the proof of the upper bound.
We build a matching M by induction as follows: As long as T has at least two
nodes choose a node w from the lowest level of T . Let v denote the parent of w.
Delete v and its children from the tree T and add the pair (v; w) to the matching M .
We deleted at most four nodes and increased M by one pair.
If T has only one node, namely the root r, then it is connected in G to a node x
which is not the child of w in T . Now x was either a parent or a child in our matching
algorithm. Note that x cannot have three children in T , since the maximal degree is
four in G and x is connected to r. If x was deleted from T in a group of two or three
nodes (a parent and one or two children), then we charge the root r to this group. If
x was deleted from T in a group of four: v and its three children, x, x′, x′′, then we
add the pair (r; x) to the matching M and replace (v; x) by (v; x′).
For the lower bound, we describe a labyrinth with 4k + 7 line segments requiring
at least 3k + 6 light sources. Fig. 3 depicts seven initial line segments in bold and
then k groups of four segments are added, the last group is marked with dashed lines.
The graph G, after removing one edge adjacent to r, is a rooted tree where every
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node on an odd level has one or no child, and every node on an even level has three
children.
We need six light sources to illuminate the labyrinth of the initial seven segments.
There are no edges between the four nodes of Vbou(G) in the initial graph. By adding
a group of four segments, one component of bounded cells is increased by one child
and three children of this child. Therefore, the maximal matching of Vbou increases
by one pair. According to Lemma 3(12), the bounded cells require at least 4 + 3k
light sources. Two more light sources are needed to illuminate the upper and lower
unbounded cells, which are not adjacent to any bounded cell.
4. In-door illumination of lines
Illumination of disjoint closed line segments were 6rst proposed by Czyzowicz et
al. [5], where the authors proved that 
2n=3 light sources can always illuminate n
disjoint line segments. The upper bound was improved to 
(n + 1)=2 recently [13].
But even the best known construction [16] requires only 4(n − 1)=9 light sources.
The orthogonal case is unsettled as well [5]. The best known lower and upper bounds
are 2(n− 1)=5 and (n+ 1)=2.
4.1. General version
An upper bound of 3(n+1)=4 can be easily established from the four-color theo-
rem. Consider the convex partitioning of L. De6ne the graph H as follows. The nodes
of H correspond to the convex cells, two nodes are adjacent if and only if the corre-
sponding cells have common boundary points (not only one common point). The graph
G (de6ned in the proof of Theorem 5) is a subgraph of H . Note that H is a planar
graph, therefore H is four-colorable [1,2]. There is an independent set I ⊂ V (H) such
that |I |¿ 
(n+1)=4. Placing a light source in the interior of every cell corresponding
to V (H) \ I , we use at most 3(n + 1)=4 light sources, and the boundary of every
cell is illuminated. The boundaries of the cells corresponding to the independent set
are also illuminated, since the boundary of every adjacent cell is illuminated.
For the lower bound, consider the construction of k line segments in Fig. 2. Place
two line segments forming a letter T in each of the k − 2 triangular cell and in the
unbounded cell on the bottom. Notice that every letter T requires two light sources.
According to the proof of Lemma 3(2), a light source illuminating points of one letter
T cannot illuminate points of any other letter T. This shows that the illumination of
lines for a labyrinth of 3k − 2 line segments can require 2k − 2 light sources.
Theorem 6. For the in-door illumination of a labyrinth of n line segments, 3(n+1)=4
light sources are always su<cient and 2(n− 1)=3 are sometimes necessary.
4.2. Orthogonal version
Similarly to the general version, we obtain a lower bound for the orthogonal version,
too, by modifying one of our previous construction. Consider the construction of 4k+7
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Fig. 3. Labyrinth and the corresponding graph G.
segments depicted in Fig. 3 and its graph G with 4k + 8 nodes. By construction,
Vbou(G) has an independent set of 3k + 4 nodes. Place two line segments forming a
letter T in each cell corresponding to this independent set and one letter T in the lower
unbounded cell, which is not adjacent to any bounded cell. Every letter T requires two
light sources. According to the proof of Lemma 3(2), a light source illuminating points
of one letter T cannot illuminate points of any other letter T. This shows that 10k+17
segments may require 6k+10 light sources, which immediately gives the lower bound
in the following theorem.
Theorem 7. For the in-door illumination of n, non-crossing line segments, 9n=13+1
light sources are always su<cient and 3(n− 1)=5 are sometimes necessary.
For the proof of the upper bound, we partition the graph G into connected compo-
nents of 2, 3, or 4 nodes.
De"nition 8. A k-component is a connected subgraph of G with k nodes.
Consider the graph G of the convex partitioning. Let T be a rooted spanning tree
of G. Partition G into connected components according to the following algorithm.
Algorithm 3. Input: Rooted tree T.
Let C := ∅. As long as the node set of T is non-empty, repeat:
• Choose a node w from the lowest level of T .
• If w is the root, then delete w from T and append {w} to C.
• Otherwise let C be the connected component formed by the parent v of w and all
children of v. Delete C from T and append it to C.
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Output: A partition C of the node set of T into components.
Note that C contains at most one 1-component, every other component has 2, 3, or
4 nodes, since the maximum degree in G is at most four. Split every 4-component of
C which is a 4-path into two 2-components and let C′ denote the resulting partition.
In C′ every 4-component is a star graph with three leaves.
The following propositions show that in a k-component C(k), k=2; 3; 4, a few light
sources can illuminate every interior line segment and most of the line segments on
the boundary of the polygon RC(k).
Proposition 9. For a 2-component C ⊆ G, one light source can illuminate all points of
(
⋃
L)∩ int(RC), and all points of
⋃
L on the boundary @RC except for an arbitrarily
short segment along one side or at a re>ex angle of RC .
Proof. Let ‘C denote the line segment whose line divides RC into two cells. The
common boundary of the two cells is not covered by ‘C and L is protruded. Hence,
‘C has an endpoint q in int(RC). Let point q′ be in the interior of the cell which
contains a bigger part of the line segment ‘C on its boundary, in a su;ciently small
neighborhood of q (see the left of Fig. 4). A light source at q′ illuminates ‘C ∩ int(RC)
and most of @RC . The projection of ‘C ∩ int(RC) to @RC is not illuminated by q′.
Consider a 3-component D = {a; b; c}. Suppose that nodes ab and bc are edges of
G. Edge ab represents the fact that the line through a segment ‘a ∈L separates the
rectangles Ra and Rb, and ‘a has an endpoint qa in int(RD). Similarly, the line through
a segment ‘c separates Rb and Rc, and ‘c has an endpoint qc in int(RD).
De"nition 10. A 3-component D= {a; b; c} is called sensitive, if its two pairs of adjacent
cells (Ra; Rb) and (Rb; Rc) are separated by the line through the same line segment of L.
Proposition 11. For a 3-component D ⊆ G, two light sources can illuminate all points
of (
⋃
L) ∩ int(RD), and all points of
⋃
L on the boundary @RD with the possible
exception of sensitive 3-components where one of two arbitrarily short segments at
two di?erent re>ex angles of @RD is not illuminated.
Proof. We use the notation de6ned above on D= {a; b; c}. If D is not sensitive, then
place light sources at points q′a ∈ int(Ra) and q′c ∈ int(Rc), where q′a and q′c are in a
su;ciently small neighborhood of qa and qc respectively. These two light sources il-
luminate @Ra; @Rc because q′a ∈ int(Ra) and q′c ∈ int(Rc). Furthermore, each light source
illuminates tree sides of Rb opposite to Ra and Rc, respectively, so they jointly illumi-
nate @Rc.
If D is sensitive, then the line segment ‘a=‘c is not completely illuminated by light











a small neighborhood of qa and qc resp. We place two light sources either at q′a and




c. One of two short segments at two diNerent reLex angles of RD
are not illuminated (see the right of Fig. 4).
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Fig. 4. A short segment is not illuminated by one light source in a 2-component. One of two short line
segments is not illuminated by two light sources in a sensitive 3-component.
De"nition 12. A dark spot is a small line segment on the boundary of a region associ-
ated to a 2-component (resp., sensitive 3-component) which is not illuminated by one
(resp., two) light sources placed according to Proposition 9 (resp., Proposition 11).
De"nition 13. We say that a sensitive 3-component of G is sensitive for [v; w] (with
possibly v= w), if the cells Rv and Rw lie on the opposite side of its two dark spots.
In a labyrinth, there are two cells in the two sides of a dark spot. We do not
intend to place more than one (resp., two) light sources in any 2-component (resp.,
3-component) of C′, we will illuminate the dark spots from the opposite side. Notice
that the line segments are non-collinear by assumption, therefore if there are several
(su;ciently small) dark spots on a same segment of L, they are necessarily disjoint.
Consider a 4-component E = {a; b; c; d} of C′. Suppose that d is adjacent to a; b,
and c (i.e., d is the center of the 3-star E). There exists ‘a; ‘b; ‘c ∈L such that the
line through them separates Rd from Ra; Rb; and Rc, respectively. If two of ‘a; ‘b; ‘c
coincides, then we say that E is a sensitive 4-component. In this case, E contains a
sensitive 3-component (e.g., if ‘a = ‘b then {a; b; d} ⊂ E is a sensitive 3-component).
Notice that a 4-component can contain at most one sensitive 3-component.
Using Proposition 11, two light source can illuminate the boundary of three cells
{a; b; c} of a 4-component E with a possible exception of one of two dark spots if
{a; b; d} is sensitive. These two light sources illuminate (⋃ L) ∩ int(RD).
Proposition 14. For a 4-component E ⊆ G, three light sources can illuminate (⋃ L)∩
int(RE) and the boundary of a RE .
Proof. One endpoint of ‘a (resp., ‘b; ‘c) is qa (resp., qb; qc) and lies in int(RE). Let
q′a ∈ int(Ra), q′b ∈ int(Rb), and q′c ∈ int(Rc), such that q′a, q′b, and q′c are in a su;ciently
small neighborhood of qa, qb, and qc, respectively.
There light sources at qa′ ; qb′ , and qc′ illuminate the boundary of Ra; Rc, and Rc. Further-
more, each light source illuminates tree sides of Rd opposite to Ra; Rb, and Rc, respectively.
Therefore, the three light sources collectively illuminate all four sides of Rd.
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Fig. 5. Connections between vertices corresponding to leaves of a 4-component D when D contains a
3-component sensitive for a leaf v of another 4-component (on the left) and otherwise (on the right).
Proof (of Theorem 7). Partition the graph G into components by Algorithm 3. Place
a light source into the 1-component of C′ if there is any. Place a light source for
every 2-component C ∈C′ according to Proposition 9, leaving a dark spot along the
boundary of RC . Place two light sources for every 3-component D∈C′ according to
Proposition 11, one of two dark spots is not illuminated along the boundary of RD
when D is sensitive.
For the placement of light sources in 4-components of C′, we de6ne a graph J . The
nodes of J correspond to the leaves of the 4-components of C′, de6ne the edges of J
as follows:
(1) If v; w∈V (J ), v = w, and there is a 3-component of C′ sensitive for [v; w], than
connect v and w by an edge.
(2) If v; w∈V (J ), v = w, and there is a 3-component within a 4-component of C′
which is sensitive for [v; w], than connect v and w by an edge.
(3) If v; w∈V (J ), v = w, and Rv have a common boundary with Rw, then connect v
and w by an edge.
(4) If E = {a; b; c; d} is a 4-components of C′ containing a 3-component {abd} sen-
sitive for [v; v] where v∈V (J ), then add the edges av; bv; cv; ac; bc (see the left
of Fig. 5).
(5) For all other 4-component E = {a; b; c; d} of C′, connect the three leaves of a E
by three edges ab; bc; ca (see the right of Fig. 5).
Observe that J is a planar graph. We apply the four color theorem to a subgraph J ,
obtained by the following two steps:
(1) As long as there is a 2-component C ∈C′ such that there is a 4-component E on
the other side of the dark spot of C, then delete the nodes corresponding to the
leaves of E from J . We place three light sources to E according to Proposition
14, and therefore we use 1+ 3= 4 light sources for the 2+ 4= 6 cells of C ∪E.
Denote the remaining graph by J ′.
(2) As long as there is a 3-component D∈C′ such that D is sensitive for [v; v], where
v is a leaf of a 4-component D, then delete the node corresponding to v from J ′.
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We place one light source in Rv at point qv according to Proposition 14. Note
that for every leaf v of a 4-component, there is at most one 3-component D∈C′
such that D is sensitive for [v; v]. Let Y be the set of nodes of J ′ eliminated in
step (2).
Let |V (J ′)|=3x, where these 3x nodes correspond to the leaves of x 4-components
of C′. Let |Y | = y, which also implies that there are at least y distinct sensitive
3-components in C′. Consider a maximum independent set I of the subgraph of J
spanned by J ′ \Y . According to the four color theorem [1,2], |I |¿ 
(3x−y)=4. Place
a light source at points qv′ (eventually at q′′v ) of every cell v∈V (J ′) \ (Y ∪ I).
If there is a light source in at least two leaves of a 4-component E ∈C′, then ac-
cording to Proposition 14 all points of (
⋃
L)∩ int(RE) are illuminated by light sources
placed in RE . There can be one light source in RE when E contains a 3-component sen-
sitive for some [v; v], v∈V (J ′), but then this light source illuminates (⋃ L) ∩ int(RE)
and @RE ∩ @Rd. If there are light sources in all three leaves of a 4-component E,
then @RE is completely illuminated according to Proposition 14. If there are light
sources in only two leaves, say Ra and Rb of E = {a; b; c; d} then the boundary
@E ∩ @R{a;b;d} is illuminated by these light sources with a possible exception of one
of two dark spots if {a; b; d} is a sensitive 3-component. The boundary @RE ∩ @Rc is
illuminated from the opposite side by construction of graph J . Moreover, all dark spots
of 2-components of C′ and at least one of the dark spots of all sensitive 3-components
of C′ and all sensitive 3-components within 4-components of C′ are illuminated from
the opposite side.
We placed y+ 3(3x− y)=4 light sources into 4-components, and 2y light sources
into y 3-components which are sensitive for a leaf of a 4-component. That is,
3y−3(3x−y)=46 9(x+y)=4 light sources for 3y+4x cells. Taking into account
that y6 3x, we use at most 9 light sources for 13 cells in the worst case, except for
at most one 1-component of C′.
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